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Abstract
The Schuhmann dissolution-passivation (Sdp) model is one of the
simplest electrochemical model explaining potential oscillations under
galvanostatic conditions. The potential oscillations are due to a Hopf
bifurcation. The nonlinear dynamic behaviour of the Sdp model is
studied numerically near the Hopf bifurcation. The classical behaviour
for forced self oscillating systems such as periodic or quasi periodic
behaviours may occur when the current density is modulated by a
sinusoidal signal. A phase portrait shows the main Arnol’d tongues
where phase locking occurs.
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1

Introduction

Spontaneous current or electrode potential oscillations often observed
when studying the dissolution-passivation of metals such as Fe [1, 2] or electropolishing of metals such as copper [3] have been well documented [4].
Potential oscillations under galvanostatic conditions have also been studied,
for example, for the oxidation of formaldehyde [5] and formate [6] on Pt electrodes, the reduction of H2 O2 on Pt [7] and GaAs [8] and the oxidation of a
Ni electrode in H2 SO4 [9, 10].
The introduction of bifurcation theory has renewed studies on electrochemical oscillators [11]. Forcing an oscillating system with a periodic perturbation is a classical tool to study the behaviour of such systems. Oscillators are then called driven or forced oscillators and their dynamic behaviours
are very complex. When the external driving signal is applied, periodic as
well as quasi periodic and aperiodic behaviour may occur. Experiments on
the bifurcation of periodic states for a forced chemical oscillator have been
presented [12]. The bifurcation structure of the driven van der Pol oscillator has been investigated numerically and the phase diagram given for the
subharmonic region where the driving frequency is larger than the natural
frequency, as well as for the ultraharmonic case where the driving frequency
is lower than the natural frequency [13].
Few studies have dealt with the response of oscillating electrochemical
systems to periodic forcing apart from the pioneering works of Pagitsas and
Sazou. Sinusoidal modulation of the electrode potential in the multisteadystate domain has been studied experimentally for the oxidation of Co [14, 15]
and Fe [16, 17]. The current-time responses of these electrochemical oscillators have been studied as a function of the frequency and amplitude of
the applied forcing potential. These driven electrochemical oscillators exhibit harmonic and subharmonic as well as quasi periodic current responses.
Phase diagrams representing the various types of responses in the amplitude
vs. angular frequency perturbating signal plane have been plotted for these
two metals. The forced Franck-Fitzhugh model has been studied [18, 18] and
shows diﬀerent types of behaviours depending on the frequency and amplitude of the forcing potential.
The consequences of a saddle-node bifurcation when measuring the impedance of an electrochemical reaction have been studied recently [20, 21, 22,
23]. In order to measure the impedance of an electrode with a frequency
response analyser, the electrode potential or the current density is modulated
2
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by adding a small amplitude sinusoidal perturbation. As a result, a self
oscillating electrochemical reaction behaves like a driven oscillator when its
Faradaic impedance is measured. The consequences of a Hopf bifurcation
when modulating the current density is studied in this article based on the
example of an oscillating dissolution passivation-model. It is shown that the
characteristic behaviours of a driven oscillator, i.e. phase locking and a biperiodic response, can be observed for the Schuhmann dissolution-passivation
(Sdp) model.

2

Schuhmann dissolution-passivation model

The oscillatory behaviour of Ni under galvanostatic conditions has been
known for ﬁfty years [9, 10] and the anodic dissolution-passivation of Ni has
been widely studied [24, 25, 26, 27, 28]. Most of the mechanisms proposed to
explain potential oscillations under galvanostatic conditions take into account
a mass transport limitation [29, 30]. A main feature of the anodic dissolutionpassivation of Ni is the absence of kinetic limitation by mass transport and
it is therefore possible to explain the oxidation of Ni without taking such
a limitation into account. D. Schuhmann [31] proposed a kinetic model
for anodic metal dissolution in order to explain the shape of the electrode
impedance diagrams measured during the oxidation of nickel in acidic media.
The Sdp model of a metal involves an intermediate adsorbate X produced by
the ﬁrst step and converted into a passivating species Q in the second step
or used as a catalyst in the third and ﬁnal step. This mechanism is written :
M,s ↔ X,s + 2 e
X,s ↔ Q,s + 2 e
X,s + A → X,s + B + 2 e

(1)

Assuming, for the sake of simplicity, the irreversibility of the third step,
the step rates are given by:
v1 (t) = Ko1 (t) Γ θs (t) − Kr1 (t) Γ θX (t)

(2)

v2 (t) = Ko2 (t) Γ θX (t) − Kr2 (t) Γ θQ (t)

(3)

v3 (t) = Ko3 (t) Γ θX (t)

(4)

where:
Koi (t) = koi exp (2 αoi f E(t)) ;
Kri (t) = kri exp (−2 αri f E(t)) ; αoi + αri = 1 ; i = 1, 2 (5)
3
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Ko3 (t) = ko3 exp (2 αo3 f E(t)) ; ko3 = ko3 A∗

(6)

with f = F/RT . The symbols koi , kri , αoi , αri , F, R, and T have their
usual meaning. A∗ is the interfacial concentration of species A assumed to
be constant in the electrolyte. The diﬀerential equations for θX and θQ , the
fractional surface coverage by the adsorbates X and Q, are given by:
Γ dθX /dt = v1 (t) − v2 (t) = Ko1 (t) Γ θs (t) − Kr1 (t) Γ θX (t)−
(Ko2 (t) Γ θX (t) − Kr2 (t) Γ θQ (t) ) (7)
Γ dθQ /dt = v2 (t) = Ko2 (t) Γ θX (t) − Kr2 (t) Γ θQ (t)

(8)

The Faradaic current density vs. step rate relationship is written:
if (t) = 2 F (v1 (t) + v2 (t) + v3 (t))

(9)

The steady-state Faradaic current density vs. electrode potential relationship, obtained by writting :
Γ dθX /dt = v1 (t) − v2 (t) = 0

(10)

Γ dθQ /dt = v2 (t) = 0

(11)

is given by:
if =

2 F Γ Ko1 Ko3 Kr2
=
Ko1 Ko2 + Kr1 Kr2 + Ko1 Kr2

2 F Γ Ko3

kr1
ko2
exp(−2 f E) +
exp(2 f E)
ko1
kr2
(12)
The bell shape of the current density vs. electrode potential curve is that of
a dissolution passivation experimental curve for the chosen set of parameter
values as shown in Fig. 1A for one set of parameter values.
1+

The Faradaic impedance Zf (E, s) = ∆E/∆if for the Sdp model (1),
calculated using the method proposed by Gerischer and Mehl [32], and developed by Schuhmann [31] and by Epelboin and Keddam [33], is written
[34, 35]:
Zf (E, s) = NZf /DZf
(13)
with:
NZf = (Kr1 Kr2 + Ko1 (Ko2 + Kr2 ))
× (s Ko2 + (s + Kr1 ) (s + Kr2 ) + Ko1 (s + Ko2 + Kr2 )) (14)
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and:
DZf = 4 f F Γ Ko1 Kr2 (Ko2 (Ko1 (s + Ko3 (−1 + αo3 )) +
s (s + 4 Kr1 + Ko3 (−1 + αo3 ))) +
(s + Kr2 ) ((s + Ko3 ) Kr1 + Ko3 (s + Ko1 + Kr1 ) αo3 )) (15)
where s is the Laplace transform operator.

2.1

Linear stability of the Sdp model

The reaction (Eq. (1)) is one of the simplest electrochemical reactions that
can explain electrode potential oscillations under galvanostatic conditions.
The procedure for studying the linear stability of a two-dimensional nonlinear system is to ﬁnd the eigenvalue of the Jacobean matrix of Eqs. (7) and
(8) [36]. This is equivalent to studying the poles of the Faradaic impedance
Zf (E, s), which is the transmittance of the Sdp model under galvanostatic
conditions [37, 38, 40, 41]. Poles of the Faradaic impedance are the roots of
the Faradaic impedance denominator, i.e. the roots of the equation:
DZf = 0

(16)

Stability under potentiostatic conditions can be studied simply by considering the poles of the Faradaic admittance Yf (E, s) = 1/Zf (E, s) or the
zeros of the Faradaic impedance. The Faradaic impedance of the reaction (1)
is a second-order impedance, i.e. the denominator is a second degree polynomial in the Laplace transform operator s [41]. The two poles of the Faradaic
impedance are real or conjugate complex numbers. The steady-state current density vs. electrode potential and the change of the real part of the
poles of Zf (E, s) with the electrode potential are plotted in Fig. 1. The sign
of the real part of the poles of the Faradaic impedance shows the stability
range of the steady-state under galvanostatic conditions. When the real part
of complex poles becomes positive the steady-state becomes unstable under
galvanostatic condition. For increasing potential or current density, the poles
of the Faradaic impedance are real, complex, then real again (Fig. 1B). The
real part of the complex poles becomes positive for E = EH giving rise to a
Hopf bifurcation. The steady-state loses its stability and a stable oscillation
encircles an unstable steady-state. The poles becomes real again for a larger
electrode potential (E > Er ). One of the two real poles becomes negative
for the peak electrode potential Ep . The bifurcation diagram showing stable
or unstable steady-states and stable periodic oscillations is given in Fig. 1A.
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3

Nonlinear dynamic behaviour of the Sdp
model

The ordinary diﬀerential equation (ODE) for current density is derived
from Eq. (9):
dif /dt = 2 F (dv1 /dt + dv2 /dt + dv3 /dt)

(17)

The nonlinear dynamic behaviour of the electrochemical model (1) can be
studied under galvanostatic conditions by solving the 3 dimensional ODE
system (Eqs. (7, 8) and (17)) numerically. Neglecting the role of the doublelayer capacitance, the change of the Faradaic current density with time for a
current density step is given by:
∆i(t) ≈ ∆if (t) = if (t) − if i = δif

(18)

where if i is the initial current density and δif the amplitude of the current
density step. The change of the Faradaic current density with time for a
sinusoidal modulation of the current density is given by:
∆i(t) ≈ ∆if (t) = if (t) − if i = δif sin (ω t)

(19)

where δif is the sinusoidal modulation amplitude of the current density and ω
the driving, perturbating or input angular frequency. The NDSolve function
of MathematicaTM software [42] was used to solve Eqs. (7, 8) and (17)
numerically.

4

Self oscillations of the Sdp model

The response of the Sdp model to a small current density step can be obtained using Eq. (13) of the Faradaic impedance and the Laplace transform:
∆E(s) = Zf (E, s) ∆if (s) = Zf (E, s) δif /s

(20)

The linearised model response is calculated by the inverse Laplace transform.
This response can be compared to the response calculated numerically from
the nonlinear model (Eqs. (7) (8) and (17)).
Linear and nonlinear responses are damped oscillations and are very similar in the stability range of the Sdp model as shown in Fig. 2. Linear and nonlinear responses are very diﬀerent in the instability range of the Sdp model.
Oscillations are undamped for an unstable linear system and bounded for an
unstable nonlinear system. Linear and nonlinear responses are compared in
6
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Fig. 3. Nonlinear electrode potential oscillations are sustained bounded in
terms of amplitude. Nonlinearities act as return forces and the trajectory of
the Sdp model in the θX vs. θX phase plane tends toward a limit cycle. The
free oscillating intrinsic or natural Sdp model angular frequency ω0 can be
determined numerically by a Fourier transform. The free frequency oscillation period depends on the electrode potential. It is found that ω0 ≈ 32 rd
s–1 for an electrode potential EM = –0.056 V. The simulated curves shown
in Fig. 2 and 3 and experimental results obtained for nickel in acidic media
[9, 10] are very similar in the stability or instabiblity range of the Sdp model.

5

Current density modulation in the instability range of the Sdp model

For a sinusoidal modulation of the input signal of a stable linear system,
the output signal is sinusoidal with a period equal to the period T of the input
signal. For a sinusoidal modulation of the input signal of a stable nonlinear
system, the output signal is periodic with a period equal to the period T of
the input signal and includes harmonics with periods equal to T /2, T /3, etc.
Diﬀerent types of behaviour can be observed for a self-oscillating system. A
periodic response with a period equal to the driving signal period T or with
a diﬀerent period may occur. The response may also be quasi-periodic or
aperiodic. The response of driven oscillators depends on two angular frequencies, the free frequency and the driven frequency. A signal depending
on two independent variables t1 and t2 such that y(t1, t2 ) = y(t1 + 2 π, t2) and
y(t1 , t2 ) = y(t1, t2 + 2 π) is called bi-periodic. It depends on two fundamental angular frequencies ω1 and ω2 or, obviously, two periods. A bi-periodic
signal may be periodic or not, depending on whether the ratio of the two
fundamental frequencies is rational or irrational [43].
Periodic, quasi-periodic and aperiodic behaviours can be distinguished by
their Fourier power spectra [44], or by plotting the Poincaré section. Adding
the equation dt/dt = 1 to Eqs. (10) and (21) transforms a 2 dimensional
nonautonomous system into a 3 dimensional autonomous system. The solution of a 3 dimensional autonomous system deﬁnes a trajectory in the 3
dimensional space. The attractor of a bi-periodic trajectory is a torus T2
[12]. The 3D trajectory goes around the torus and can be considered as a
combination of two rotations. The orbit sampled every forcing period generates the stroboscopic phase portrait. Strobed points fall on a cross section,
the so-called Poincaré section, of the torus. The type of trajectory and its
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Poincaré section depend on the ratio ω1 /ω2 . When ω1 /ω2 is rational, ω1 and
ω2 are called commensurable, the trajectories are closed curves on the torus
and the Poincaré section is made up of a limited number of dots. When
ω1 /ω2 is irrational, ω1 and ω2 are called non-commensurable, the trajectories
never close, any trajectory can come arbitrarily close to any point on the
torus [45] and the Poincaré section is a continuous curve.
The Poincaré section can be plotted using the stroboscopic method to give
phase variable values at times that are integer multiples of the driving period
[46], i.e. by plotting θX (k T ) and θQ (k T ), with integer k, in the θX vs. θQ
plane after solving Eqs. (20, 21) numerically. The diﬀerent behaviours of the
driven oscillating Sdp model depending on the ratio ω/ω0 will be studied in
turn.

5.1

Bi-periodic solution

Fig. 4A shows the change of the electrode potential with time for a driving frequency ω of the current
√ density, non-commensurable with respect to
the free frequency (ω/ω0 = 2). The Poincaré section of the Sdp model
trajectory is a continuous curve once initial transients die away due to the
fact that the ratio ω/ω0 is irrational (Fig. 4B). The electrode potential oscillation is not periodic. The Fourier power spectrum shown in Fig. 4C is not
made up of peak spectrum. The power spectrum is characteristic of a quasiperiodic signal depending on two frequencies f0 = ω0 /2 π, the free frequency,
and f = ω/2 π, the input signal frequency. In addition to the two principal
frequency peaks, the Fourier power spectrum shows peaks for frequencies
equal to |m0 f0 + m f |, m0 and m being positive or negative integers. The
frequency peaks f − f0 and f + f0 are labelled as examples in Fig. 4C. The
two frequencies f0 and f are not commensurable, all the positive numbers are
arbitrary close to a combination |m0 f0 + m f | and the Fourier power spectra
is dense.

5.2

Period-n solution

Fig. 5 shows for the subharmonic case the change of the potential electrode with time for a driving frequency ω of the current density equal to two
times the free oscillation frequency ω0 (ω/ω0 = 2; T = 2 π/ω = π/ω0 ). After
initial transients die away, the second order subharmonic oscillation appears
as a sequence of two dots in the Poincaré section (Fig 5B). The potential
oscillation power spectrum is made up of discrete peaks and therefore the oscillations are periodic. However the period TE of the potential oscillations is
not equal to the period T of the driving signal, but rather to 2 T as is shown
8
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by comparing current density modulation and potential oscillation (Fig. 5A).
Besides the two frequency peaks observed for f0 = ω0 /2 π and f = ω/2 π,
the potential Fourier power spectrum shows peaks for frequencies equal to
|m0 f0 + m f |. The frequency ratio is rational with f /f0 = 2. Fourier power
spectrum is made up of discrete peaks corresponding to harmonics of the frequency f − f0 = f /2. This well known phenomenon for driven oscillators is
called phase-locking. Multiplication of the period by two is due to frequency
ratio value and should not be confused with the so-called period-doubling
bifurcation route to chaos. Obviously multiplication of the period by three
will be observed for ω/ω0 = 3. For ω/ω0 = 2, the angular frequency ωE of
the electrode potential oscillation is equal to ω0 since TE = 2 T is equivalent
to ωE = ω0 .
The Sdp model imposes its free oscillation frequency for a suﬃciently
small modulation amplitude δif and obviously the potential oscillation frequency is equal to the free frequency for δif = 0 . For increasing modulation
amplitudes, multiplication of the input signal period by two is observed not
only for driven periods equal to exactly two times the free oscillation period
but also for values near two. Multiplication of the input signal period by two
is observed in Fig. 6 for ω/ω0 (T = 2 π/ω = π/1.1 ω0). The period of the
potential oscillation is still equal to two times the driven period but not to
the free oscillation period since is equivalent to ωE = 1.1 ω. Mode locking
occurs for a certain set of δif and ω/ω0 values. Regions in the δif vs. ω/ω0
plane where mode locking occurs are called Arnol’d tongues [13].
Multiplication of the input signal period by an integer number is also
obtained for any driving frequency integer multiple of the free frequency ω0 ,
and in a more general way for any frequency commensurable with respect to
ω0 , i.e. where ω/ω0 = n/m, where n and m are small integers. The period
of the mode-locked solution is n times the period of the driving signal. This
behaviour is shown in Fig. 7 for ω/ω0 = 2/3 (T = 2 π/ω = 3 π/ω0) for the
ultraharmonic case where the driving frequency is lower than the Sdp model
free frequency. The response is periodic and the period is neither the period
of the driving current density nor the free oscillation period but is equal to
two times the driving period. For ω/ω0 = 2/3, the angular frequency of the
electrode potential oscillation is equal to a third of the free angular frequency
since TE = 2 T is equivalent to ωE = ω/2 = ω0 /3.
An Arnol’d tongue for period-2 solution then originates from the point
with abscissa ω/ω0 = ω/2 = 2/3. In a more general way, an Arnol’d tongue
originates for δif = 0 from every point where the driving frequency is a
9
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rational multiple of the free frequency, i.e., whenever ω/ω0 = n/m, where
n and m are integer numbers. Other tongues exists between these tongues
since for rational n1 /m1 and n3 /m3 , n2 /m2 = (n1 + n3 )/(m1 + m3 ) is also
rational with n1 /m1 < n2 /m2 < n2 /m3 . For the chosen example, an Arnol’d
tongue can be predicted for ω/ω0 = 1, from those obtained for ω/ω0 = 2/3
and ω/ω0 = 2 since (2 + 2)/(3 + 1) = 1. The angular frequency of the
electrode potential oscillation is equal to the free angular frequency.
Arnol’d tongues do not grow indeﬁnitely with increasing δif and for a
suﬃciently high δif there exists only a single stable period-one solution and
the potential oscillation period is equal to the input current density period.

5.3

Period-1 solution

Fig. 8 shows the change of the potential electrode with time for a driving
frequency ω of the current density equal to two times the free oscillation
frequency ω0 . Period multiplication disappears with increasing amplitude
modulation δif , when the driving frequency is kept constant, as shown in
Fig. 8A for δif = 3 10–3 A cm–2 . Potential oscillation is periodic and the
period is equal to the driving period (Fig. 8A). The Poincaré section is made
up of one dot after initial transients die away (Fig. 8B). The Fourier power
spectrum is made of discrete peaks corresponding to harmonics of the driving
frequency (Fig. 8C). The power of the driving modulation is such that the
Sdp model follows the driving signal. This behaviour closes the Arnol’d
tongues for a suﬃciently high amplitude modulation as shown in Fig. 9.
Three principal Arnol’d tongues, obtained for small values of n and n0 , are
shown in Fig. 9.

6

Conclusion

It has been shown that the Sdp model behaves like a classical forced
self-oscillating system when the faradaic current density is modulated in its
instability range. When the Faradaic current density is modulated in the
stability range of the Sdp model the electrode potential is modulated with a
period equal to the current density modulation. When the Faradaic current
density is modulated in the instability range, the electrode potential oscillations may be periodic with a period equal to the period of the modulation
faradaic current density or n times the modulation period or quasi-periodic,
i.e. bi-periodic.
When the potential oscillation is periodic with a period of n times the
10
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driving period, mode locking behaviour occurs. The areas in the plane
δif vs. ω/ω0 where mode locking occurs are Arnol’d tongues. An Arnol’d
tongue originates from every point where the driving frequency is a rational
multiple of the free frequency, i.e. for all ω/ω0 = n/m. Arnol’d tongues are
closed by period-1 electrode potential oscillations for suﬃciently high amplitude values. Therefore to obtain electrode potential oscillations with a
period equal to the period of the current density it is necessary to choose a
suﬃciently high value of the amplitude modulation in contradiction with the
necessity of using a suﬃciently low amplitude for impedance measurements.
Electrochemical reaction impedance is usually measured in a logarithmic
mode over a wide frequency range with a low amplitude modulation of potential or current density. Therefore bi-periodic behaviour can be predicted.
The consequences of bi-periodic behaviour on impedance measurements are
far from obvious. A driven oscillator such as a van der Pol oscillator exhibits
deterministic chaos [13]. For the time being, this behaviour has not been
found for the Sdp model. Bifurcation between diﬀerent forced Sdp model
behaviours is beyond the scope of this article and will be studied further
using the ﬁrst return map in the Poincaré section.
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Figure captions
Fig. 1. Steady-state current density vs. electrode potential for ko1 = 500
s–1 ; kr1 = 10 s–1 ; αo1 = 0.95; αr1 = 1 − αo1 ; ko2 = 100 s–1 ; kr2 = 1 s–1 ;
αo2 = 0.2; αr2 = 1 − αo2 ; ko3 = 103 s–1 ; αo3 = 0.2; Γ = 10–9 mol cm–2 . A:
Solid line: stable steady-states under galvanostatic conditions, dashed line:
unstable steady-states, dot: minimum and maximum of electrode potential
oscillations. B: Change of the poles real part of the Faradaic impedance with
the electrode potential. Stable steady-states, dots: stable potential oscillations. EM = –0.056 V.
Fig. 2. Linear (A) and nonlinear (B) responses to a current density step in
the stable range. C: Phase plane portrait.
Fig. 3. Linear (A) and nonlinear (B) responses to a current density step in
the unstable range. C: Phase plane portrait.
Fig. 4. Electrode potential response to a current density modulation. A:
current density modulation (high) and electrode potential oscillation (low),
B: Poincaré section in the ∆θQ = θQ (t) − θQi vs. ∆θX = √
θX (t) − θXi plane,
C: potential oscillation Fourier power spectrum. ω/ω0 = 2; δif = 0.4 mA
cm–2 ; k = 400.
Fig. 5: Electrode potential response to a current density modulation. A:
Current density modulation (high) and electrode potential oscillation (low),
B: Poincaré section in the ∆θQ = θQ (t) − θQi vs. ∆θX = θX (t) − θXi plane,
C: potential oscillation Fourier power spectrum. ω/ω0 = 2; δif = 0.2 mA
cm–2 ; k = 400.
Fig. 6. Electrode potential response to a current density modulation. A:
Current density modulation (high) and electrode potential oscillation (low),
B: Poincaré section in the ∆θQ = θQ (t) − θQi vs. ∆θX = θX (t) − θXi plane,
C: potential oscillation Fourier power spectrum. ω/ω0 = 2.2 ; δif = 0.6 mA
cm–2 .
Fig. 7. Electrode potential response to a current density modulation. A:
Current density modulation (high) and electrode potential oscillation (low),
B: Poincaré section in the ∆θQ = θQ (t) − θQi vs. ∆θX = θX (t) − θXi , C:
potential oscillation Fourier power spectrum. ω/ω0 = 2/3 ; δif = 0.8 mA
cm–2 .
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Fig. 8. Electrode potential response to a current density modulation. A:
Current density modulation (high) and electrode potential oscillation (low),
B: Poincaré section in the ∆θQ = θQ (t) − θQi vs. ∆θX = θX (t) − θXi plane,
C: potential oscillation Fourier power spectrum. ω/ω0 = 2; δif = 3 mA cm–2 .
Fig. 9. Arnol’d tongues for the Sdp model. n (n = 1, 2) indicates a period-n
stable regime. Encircled numbers indicate corresponding ﬁgure.
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